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A solution is  obtained for  the p rob lem of the heat ing of a t w o - l a y e r  p la te  at constant  heat ing r a t e  and for  the 
p r o b l e m  of the monotonic heat ing of a s i n g l e - l a y e r  p la te  with a l lowance for the t e m p e r a t u r e  dependence of 
the t he rmophys i ea l  p r o p e r t i e s .  The methods  used include the in tegra l  heat balance  method, the smal l  
p a r a m e t e r  method, and Ga l e rk in ' s  method. The f i r s t  p rob l e m is a lso  solved by an opera t iona l  method. 

The monotonic heating r e g i m e  is quite widely  used  for  study of the t he rmophys i ea l  p r o p e r t i e s  of m a t e r i a l s  [ 1 - 3 ] .  
The exact  solut ion of the p rob l em is given in [4] for  the case  of constant  heat ing r a t e  and constant  t he rmophys i ca l  
p r o p e r t i e s  with boundary condit ions of the th i rd  kind. When the monotonic heat ing method is used to d e t e r m i n e  t he rma l  
conductivi ty,  the t e s t  m a t e r i a l  is  brought  into contact  with a ce r t a in  s tandard  [3], which compl ica tes  the boundary 
condit ions.  We f i r s t  find the solut ion of the l a t t e r  p rob l e m for constant  X and c by the exact  and approx imate  methods.  

In the gene ra l  case ,  the equation of the plane one-d imens iona l  p rob l e m has the form: 

c@) O~ O [s a~  1 
O~ Ox ~ =o. {1) 

Assuming  that the s tandard  pla te  is made  of me ta l  with high the rma l  conductivi ty and has the same t e m p e r a t u r e  over  
i ts  en t i re  th ickness ,  we can wr i te  the ini t ia l  and boundary condit ions in the form 

~(x, O)=0 ,  (2) 

c'h' 0~_e {0, ~ ) -  O~ (0, ~); 0~ 
ax ~ 0~ T~-~- (h, ~ )=  b. (3) 

Using the Laplace  t r ans fo rma t ion ,  we obtain the solut ion for the t r a n s f o r m  with constant  X and c and the ini t ia l  
condit ion (2) in the following form: 

t~L (X, S) = A ch 1// x + B sh x. (4) 

Finding the constants  A and B from the boundary  eondit ions,  we have 

eL(X, s ) = b  h , / - T  (5) 
s 2 ( c h ] / / - ~  h +  T 1 /  -~-sh ~ / @  h )  

Going over  to the i nve r se  t r a n s f o r m ,  we obtain 

a - T  T T  1 - - T  + 

tZ=I 

where  

An = 2 sin ~t n 
~n + sin [~n cos ~ 

and the #n are found from the characteristic equation 
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ctg F, -- ~t" (7) 
Y 

At Y = oo this equation reduces  [4] to the known equation for a single plate.  

The solution of Eq. (1) by the integral  heat balance method is based on its integrat ion over  the thickness of the 
the rmal  layer  y 

0 ~y 0 ~, (0) 
F (y) - -  ~ (~)  ~X--  ~ ~ 00) b~ -- 0, (8) 

where  

Y 

F (y) = ,t" c ['~ (V, x)] 0 r O'~(V' x) 
0 

dx. (9) 

In accordance  with the p rocedure  of [5], we divide the solution into two stages.  The boundary conditions for the 
f i r s t  stage (propagation of the initial per turba t ion  over  the en t i re  th ickness  of the body) are  wri t ten  as follows: 

0 ~  (6, ~ )=0;  0~  (h, ~ ) =  b. (10) (x, 0 ) =  0; ~ (6, ~ ) =  0; ~ 

The f i r s t  stage is not affected by the standard plas Approximation of the t empe ra tu r e  prof i le  by a quadrat ic  function 
gives,  in accordance  with (10), 

Substituting (11) into (8), 

~,h--61 

we obtain the d i f ferent ia l  equation 

(h--6)  d 6  __(h_6)  ~ + 6 a ~ = 0 ,  
dz 

(11) 

(12) 

whose solution has the form 

At the end of the f i r s t  stage 61 = 0, whence 

8 = h - -  2 1/h~. (13) 

h 2 
~1 - -  (14) 

4a 

and Fo I = 0.25. 

In the second stage, we supplement the boundary conditions (3) with the initial conditions 

0# (0, "~)= 0. # (0, ~1)= 0; - ~ - x  ( i5)  

The t empera tu r e  prof i le  in the second stage 

= b ' c - - A l ( h - - x )  - -A~(h 2 --x2). (16) 

Using the boundary conditions and Eq. (8), for  finding the coeff icients  in (16) we obtain a sys tem of two equations 

dA1 3y A1 - -  t 2 A2 + 3 __b , (17) 
d Fo h a 

dA2_ = - - 4  yA~ + 12 A2h- -2  b_h_h (18) 
dFo a 

Hence, we find 

870 



JOURNAL OF ENGINEERING PHYSICS 

bh 
A1 - 131 exp (% Fo) - -  132 exp (% Fo), 

a~,  

b a l  + 4y 3y 
A2 = ~-a  - -  I~l - -  exp (al Fo) - -  1s 

12h h(%+ 12) 

al,2 = - -  (2y +6)  • ] /4y~ 12y q- 36. 

exp (c~_ Fo), 

(19) 

(20) 

(21) 

The coef f ic ien t s  fll and f12 a r e  found u s i n g  the in i t i a l  condi t ions  for  the second s tage 

_ b h  3% { c~, , 81 
a (a~ -4- 4y) (a2 q- 12) - -  36y exp (, - -  4 -  } ' 

a (al q- 4y) (% q- 12) - -  36y , 

(22) 

(23) 

F o r  the t e m p e r a t u r e  p ro f i l e  we f ina l ly  ob ta in  

O = b ~ - - - -  1--  ~ - ~  1-- /~,_; q- 
a . _ 

12h - -  (h~ - -  x2) exp (al Fo) -Y 

+ [~2 h - -  x 4 h (a2 § 12) (h2 - -  x2) exp (a.a Fo). (24) 

In the spec ia l  ease  T = ~o (a s ing le  p la te  of t h i c k n e s s  h ad i aba t i ca l ly  insu la ted  in the p lane  x = 0 or a p la te  of 
t h i c k n e s s  2k hea ted  on both s ides)  we have ~ = - 3  and oe a = - %  whence  

t~=b.c-- blj~-2a ( 1 - - ~ )  [ I - - - 1 2  exp ( - - 3 F o §  (25, 

We now employ  G a l e r k i n ' s  method [6] to solve th i s  p rob l em.  In a c c o r d a n c e  with th i s  method,  the so lu t ion  of the 
equa t ion  

L (u) = 0, (26) 

where  L is  s o m e  d i f f e ren t i a I  ope ra to r ,  is obta ined  in the fo rm 

u(x, y ) =  @ c,% (x, y), (27) 

where  g0i(x, y) (i = 1, 2 . . . . .  n) is  some  s y s t e m  of p r e s e l e c t e d  funct ions  sa t i s fy ing  the bounda ry  condi t ions  of Eqs.  (26). 
F o r  f inding the coef f i c ien t s  ci  the method g ives  a s y s t e m  of a l g e b r a i c  equa t ions  obta ined by the i n t eg ra t i on  of: 

SS L [u(x, y)] % (x, g) dxdy -- 
D 

n 

'~ 1=1 
(28) 

The s e l e c t i o n  of s i m p l e  funct ions  s a t i s fy ing  al l  the b o u n d a r y  condi t ions  of the p rob lem,  e spec i a l l y  the f i r s t  of 
condi t ions  (3), p r e s e n t s  c o n s i d e r a b l e  d i f f icu l t ies .  T h e r e f o r e ,  we conf ine  o u r s e l v e s  to f inding an approx ima te  one-  
t e r m  so lu t ion  for T = ~o. It is  conven ien t  to seek  the so lu t ion  in the fo rm 

@ := t ~  ~ ~i, 

where  ~ o  is  the t e m p e r a t u r e  af ter  e s t a b l i s h m e n t  of the q u a s i - s t a t i o n a r y  r e g i m e ,  

(29) 

871 



J O U R N A L  OF ENGINEERING PHYSICS 

In our  case ,  Eq. 

2a , 

7~ i = -~a bhz \(1-- X21ha ) exp(--BFo). 
(26) has  the f o r m  of (1). Since L ( ~ )  =- 0, we can subs t i tu te  ~- i for  ~ into (28). 

h 

xA (1 - -  x2i2 ff i [1-- ho -~ ] J exp(--BFo) 
x~O Fo~0 

(30) 

(31) 

As a result we have 

(32) 

whence  B = 2.5. 

F o r  the  r e g i o n  of s m a l l  Fo,  a o n e - t e r m  a p p r o x i m a t i o n  of type (29) - (31)  is no l o n g e r  s a t i s f a c t o r y .  In th is  reg ion ,  
we use  G a l e r k i n ' s  me thod  to find an a p p r o x i m a t e  so lu t ion  in the fo rm,  ana logous  to (11): 

61 t ' 
Clea r ly ,  an equa t ion  of th is  type is  app l i cab le  in the r e g i o n  0 < 1 - x/ 'h < (er)l/a. Subst i tu t ing  (33) into (1) and 

i n t eg ra t i ng  L(~-)~- with r e s p e c t  to x f r o m  1 to 1 + (er) */a, we obta in  

= 4a. (34)  

This  va lue  is equa l  to that  obta ined  by the i n t e g r a l  hea t  ba lance  method.  

8 p~ =6 j 

O,5 I 

;r176176 I ~ ~ 2~163 

0,25 . . . . . -  ~ . . . . ~  , 

o o25 o.5 a.z5 I.o o az5 o,5 a7s x/k 
Fig.  1. C o m p a r i s o n  of exac t  and a p p r o x i m a t e  so lu t ions  fo r  the hea t ing  of a p la te  wi th  
cons tan t  t h e r m o p h y s i c a l  p r o p e r t i e s  ((a) T = .o; (b) T = 1). Solid l i n e s - - e x a c t  solut ion 
[Eq. (6)]; dashed  l i n e s - - i n t e g r a l  hea t  ba l ance  me thod  [Eqs.  (11) and (24)]; dot ted  l i n e s - -  

G a l e r k i n ' s  me thod  [Eq. (31)]; d o t - d a s h  l i n e s - - B i o t ' s  v a r i a t i o n a l  me thod  [7]. 

In [7] an a p p r o x i m a t e  so lu t ion  of the p r o b l e m  for  T = ~ was  obtained by B i o t ' s  v a r i a t i o n a l  method .  C o m p a r i s o n  
of the a p p r o x i m a t e  so lu t ions  obta ined  by the t h r e e  m e t h o d s  with  the exac t  so lu t ions  at y = ~ is  g iven  in Fig.  l a .  The 
G a l e r k i n  o n e - t e r m  a p p r o x i m a t i o n  g i v e s  the l e a s t  d i s c r e p a n c y .  As m a y  be s e e n  f r o m  Fig.  lb ,  the i n t eg ra l  hea t  ba l ance  
me thod  g i v e s  a s a t i s f a c t o r y  a p p r o x i m a t i o n  at s m a l l  T. 

J i  

i"  
/ 

We find a so lu t ion  of the p r o b l e m  for  the r e g i o n  of the q u a s i - s t a t i o n a r y  r e g i m e  at T = ~ tak ing  into account  the 
t e m p e r a t u r e  dependence  of  the t h e r m o p h y s i c a l  p r o p e r t i e s .  Equa t ion  (1) can  be w r i t t e n  in the  f o r m  
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0,0 , (oo1  1 oo  :0, (35) 

where kk = (1/X)(0k/00) is the re la t ive  t empera tu re  coefficient of the rmal  conductivity. In [8] an approximate solution 
of Eq. (35) is given for the region of the quas i - s t a t ionary  reg ime by the smal l  p a r a m e t e r  method. The t empera tu re  
dependence of the thermophysiea l  p a r a m e t e r s  is  approximated by the l inear  functions 

ao (36) = ~o(1+ k~#) and a = ao (1+ kaO) ~ 1 - - k  aO " 

When kaO << 1 Eq. (35) takes the form 

(oo)  1-ko  o8  0. (3v) 
Ox-- 2- + kx \ Ox ] ao O.'~ 

The rate of increase  of the t empera tu re  of the different l ayers  of the plate can also be represen ted  by a l inear  function 

b = boo + kb.xO). 

When kb, x ~ << 1 

dx - - - 7  \ dx ] +(ka--kb'x)---ao ao = 0 .  (38) 

In [8] an approximas solution of this nonl inear  equation was obtained: 

A o  = o (x, ~) - o (o, ~) --- --b~ • 
2ao 

x [ 1 - -  12aob~~ ' '  (39) 

Let us find a more  accurate  solution of Eq. (38). By means  of the subst i tut ion z = (d3/dx) 2, Eq. 38 is 
t r ans fo rmed  into the l inear  equation 

d~_z + 2k~z + 2 bo [ (k~--k0, . )O-- l ]=O,  (40) 
dO ao 

solving which, with allowance for the boundary conditions 

dO 
~(o,  ~ ) = 0 0 ;  ~ - x  (o, ,)  - 0 ,  (41)  

we obtain 

ko- bx) z = - -  1+ ' {1--exp[--2kx(~--Oo)]}-- 
aok~, 2kx 

bo(k,,-- k~,x) [0 --~0exp[--2kx(O--Oo)] }. (42) 
aok~ 

Expanding exp [-2kkf~ - ~0)], confining ourse lves  to the f i r s t  th ree  t e r m s  of the se r i e s  (the corresponding e r r o r  
does not exceed 3% at 2kk(~ - ~0) < 0.5) and ca r ry ing  out the integration,  we obtain a formula  de te rmin ing  the 
t empera ture  of the free wall of the plate ~% 

kn 
boT= 00+ 2k~ + k a - k b , x -  2k~(k a-kb,x) 00 X 

h ~ -  bo 
• sin2 2 -  ~-o [2k~ k~--kb.x--2kx(k~--kb,x)Oo]. (43) 

When ~0 - 0, we obtain a s imple equation for the t empera tu re  profi le  
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1 [ l _ c o s x V ~ o ( 2 k r + k a _ k b , x ) J  (44) A~ = 2k~ _,L k~ - -  kb, x 

If we conf ine  o u r s e l v e s  to the  f i r s t  t h r e e  t e r m s  of  the expans ion  of the cos ine ,  we obtain  Eq. (39). In a c c o r d a n c e  
with our  a s s u m p t i o n s ,  Eq. (44) d e s c r i b e s  the  ac tua l  t e m p e r a t u r e  f ie ld  wi th  an e r r o r  of  not m o r e  than 1%, if  the 
a r g u m e n t  of the cos ine  does  not e x c e e d  ~r/2. In th i s  reg ion ,  Eq. (39) g i v e s  v e r y  s i m i l a r  va lue s ,  but is s o m e w h a t  l e s s  
conven ien t  for  so lv ing  the i n v e r s e  p r o b l e m  of d e t e r m i n i n g  the t h e r m a l  d i f fus iv i ty  f r o m  t e m p e r a t u r e  f ie ld  
m e a s u r e m e n t s .  In a c c o r d a n c e  wi th  (44), the t h e r m a l  d i f fus iv i ty  of the m a t e r i a l  at the t e m p e r a t u r e  of the boundary  
s u r f a c e  x = 0 

box ~ (2k~. -t- ka'--'kb.,) 
a0 -- (45) 

{ arc cos [1 - -  h~ (2k~ 7- ka - -  kb.,)] }* 

In [9] the e f fec t  of  the t e m p e r a t u r e  dependence  of the t h e r m o p h y s i c a l  p r o p e r t i e s  is taken  into account  in a m o r e  
c o m p l i c a t e d  way us ing  the so lu t ion  fo r  m u l t i l a y e r  s y s t e m s .  In the e x a m p l e  c o n s i d e r e d  in that  p a p e r  b0 = 1200 d e g / h r ;  
h = 0.05 m m ;  a 0 = 0.015 m 2 / h r ;  kh = 0.001 1 / d e g ;  and k a = 0.0005 1 /deg .  As m a y  be s e e n  f r o m  Fig.  2, the two me thods  
g ive  a l m o s t  iden t i ca l  r e s u l t s .  

Ab 

50 

_ I 

o o.2 Q4 T 

Fig.  2. Ef fec t  of  t e m p e r a t u r e  dependence  of  the  t h e r m o p h y s i c a l  
p r o p e r t i e s  on the hea t ing  of a p la te  (A#, deg;  T, hr):  1) Eq. (6); 

2) [9]; 3) Eqs.  (44) and (46). 

An a p p r o x i m a t e  so lu t ion  tak ing  the t e m p e r a t u r e  dependence  of the t h e r m o p h y s i c a l  p r o p e r t i e s  into account  can 
be found for  the  r e g i o n  of  the n o n s t a t i o n a r y  r e g i m e  by the G a l e r k i n  method.  We find the so lu t ion  in the f o r m  of the 
o n e - t e r m  a p p r o x i m a t i o n  that  gave  good a g r e e m e n t  wi th  the  exac t  so lu t ion  for  cons t an t  t h e r m o p h y s i c a l  p a r a m e t e r s .  In 
a c c o r d a n c e  with  (39) 

~,H = b~ 1-- - -  D 1-- ~ -  exp (-- C Fo), (46) 
2ao 

w h e r e  

D : b~ (2k~ -[- k a -  kb.x ). 
12ao 

In th is  c a s e  the d i f f e r e n t i a l  o p e r a t o r  is d e t e r m i n e d  f r o m  Eq. (37). The so lu t ion  has  the f o r m  

C =  

6M--4Nk~. b~ (47) 
a o  

3 P - -  Qk a b~ 
ao 

w h e r e  
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2 86 
M D + 2D2; 

3 35 

N ~ 2 44_ D +  152 D2 - 16_6 D3; 
15 105 315 77 

p__  8 128 D-~ 32 D~; 
15 105 - ~ 

16 2 t42 128 
Q = D + D ~ - -  D 3. 

35 3 165 195 

If D << 1, 

5 - -  2_ k~ b~ 
3 ao C =  

A 
2 1 .  t .  

2 -  k~ uo,, 
7 ao 

Calculations based on Eq. (47) give C = 2.36 instead of the value of 2.50 for constant thermophysical properties. 
The initial section of curve 3 in Fig. 2 was calculated from equation (46) with the value found for C. 

NOTATION 

a is  t he  t h e r m a l  d i f f u s i v i t y  
b is t he  h e a t i n g  r a t e  
c is  t he  s p e c i f i c  h e a t  
h is  t he  t h i c k n e s s  of the  p l a t e  
T is  t he  t e m p e r a t u r e  
T o is  the  t e m p e r a t u r e  at  the  i n i t i a l  i n s t a n t  
x i s  t he  c o o r d i n a t e  
5 is  t h e  t h i c k n e s s  of the  t h e r m a l  l a y e r  
k is t he  t h e r m a l  c o n d u c t i v i t y  
7 i s  t he  t i m e  
~ = T - T  0 
0 = ( T -  W0)/T 0 
Fo = a ' r /h  2 i s  the  F o u r i e r  n u m b e r  

Pd = b h 2 / a T 0  i s  t he  P r e d v o d i t e l e v  n u m b e r  

T = c h / c ' h '  
A p r i m e  r e f e r s  to  t h e  s t a n d a r d  p l a t e  
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